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Abstract: We have proposed an improved heterodyne interferometric roll measurement 
system with enhanced resolution in this paper. Two beams with different frequencies but with 
the same polarization state input to the interferometer are provided by two acousto-optic 
modulators. A quarter-wave plate is employed in each path before the two beams are 
combined to generate a beat frequency. A mathematical model for the measurement system is 
established based on Jones’ calculus. The measurement resolution is doubled because the 
sensitive areas of the two beams appear simultaneously. Experimental results show that in the 
range of 0.1° the gain coefficient reaches 229 which is twice that of the traditional method. 
© 2019 Optical Society of America under the terms of the OSA Open Access Publishing Agreement 
1. Introduction 
Translation guideway is the key part of industrial precision equipment such as the 
numerically controlled machine tools, lithography machines and coordinate measuring 
machines. Accurate measurement of the roll angle of the translation stage is directly subject 
to the property and specification of the equipment. The roll angle is required to be measured 
to improve the manufacturing process or measuring precision. 
The heterodyne interferometer has emerged as a promising route for geometric error 
measurement for its high resolution, high precision, and less sensitive to the environment. 
Many research based on this instrument has been carried out for the measurement of 
displacement [1–5], straightness error [6–8], pitch and yaw errors [9–13]. However, the roll 
angle, as an in-plain error, does not bring any optical path length (OPL) change in a standard 
Michelson interferometer. Some improvements are reported to solve this problem. A wedge 
prism and a wedge mirror are set in the interferometer so that the roll displacement of the 
wedge prime will induce an OPL change in the measuring arm [14,15]. This method detects 
the phase shift that is caused by the change of OPL. On the other hand, a method of detecting 
the phase shift caused by the change of the polarization state is also very popular. B.P. 
Cornonkevich firstly came up with a structure which used a polarizer as the measuring plate 
[16]. In his work, a dual-frequency light from a Zeeman laser with two polarization-
orthogonal frequencies (f1 and f2) was used as the measuring source. After passing the 
polarizer, the beam with a beat frequency of f1-f2 was generated and received by a 
photodetector as the measurement signal. The phase of the measurement signal has a 
synchronous fluctuation with the roll of the polarizer. Combined with a reference signal, the 
phase shift can be detected to calculate the roll error. Hong Jiang et al. proposed a method 
adding a quarter wave plate (QWP) right after the emitted source [16,17]. The fast axis of 
QWP was set a small deviation angle of θ from the polarization state of the TM beam, which 
dramatically improved the measurement resolution. The roll angle of the polarizer is 
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converted into an observable phase shift of the measurement beam, so the roll error is derived 
by detecting the phase change. 
It is known that when a half wave plate (HWP) is rotated by α°, the polarization of the 
light passing through it is rotated by 2α° in the same direction. We can deduce that if a HWP 
is used as the sensor-plate before the polarizer, the measurement resolution can be doubled. 
Liu et al. proposed a method of the beam passing back and forth through the HWP, which 
increased the measurement resolution again [18]. The result of a beam passing back and forth 
through a HWP is equivalent to the superimposition of two single-passes. Tang et al. then 
achieved a scheme of multi-passing the HWP, so the sensitivity was greatly increased [19,20]. 
In our previous work [22], we proposed a differential heterodyne interferometric 
configuration, which employs the previously unchanged reference beam as another 
measurement beam. Owing to the opposite phase shift of this second measurement signal, the 
measurement sensitivity can be doubled. 
The phase shift, as the output of the interferometer, is composed of the phase shifts of two 
beams with different frequencies. All of the sources used in previous heterodyne roll 
measurement interferometers were orthogonally polarized dual-frequency lasers provided by 
Zeeman split or modulated acousto-optic modulators (AOM) [16–22]. The phase shift of each 
mode shows a high sensitivity within a specific roll area, called the sensitive area, in which 
the roll error is converted to a detectable phase shift by the gain factor. However, the sensitive 
areas of the two modes do not appear simultaneously because the polarization states of the 
two beams with different frequencies are perpendicular to each other. Since the beat signal is 
generated by these two modes, the final readout only has the gain coefficient of one beam 
instead of the superposition of two beams. 
For this concern, we propose another improved interferometric heterodyne method for the 
roll measurement. It also achieves a twice resolution as the same as the differential 
interferometer. The difference is that the gain factor of the only measurement beam is 
amplified in this method. In this configuration, two AOMs are used to generate two modes 
with different frequencies but with the same polarization state. After respectively passing 
through two QWPs which are carefully oriented at different angles, the two beams are merged 
into a dual-frequency light. A HWP is utilized as the measuring sensor. The sensitive areas of 
the two single-frequency beams overlap in this structure. As a result, the gain coefficient of 
the heterodyne signal in the sensitive area is significantly enhanced. The roll angle is 
determined by the gain coefficient of the heterodyne signal, so the measurement resolution is 
doubled in comparison to that of the standard configuration. 
2. Measurement principle 
2.1 Previous roll interferometer with orthogonally polarized laser source 
To understand the drawback of the previous interferometers, the principles of the two 
structures are introduced here. For the scheme of single-pass in [17], the polarization states of 
the measurement light passing the optical plates are explained in detail as follows. The laser 
source contains two orthogonally polarized beams with frequency f1 and f2. Two beams with 
frequency f1 and f2 are coaxial but they are displayed separately for clarity in Fig. 1. 
As shown in Fig. 1(a), for the beam f1, the linearly polarized laser Eif1 is turned into an 
elliptically polarized beam after passing the QWP. The elliptically polarized beam is 
equivalent to two coaxial linearly polarized lights Eff1 and Esf1 whose polarization states are 
along the fast and slow axes of the QWP, respectively, and with a phase difference of 90°. 
The two linearly polarized lights can be written as 
 
1 1
= cos .f fEf Ei θ  (1) 
 ( )
1 1
= sin exp 2 .f fEs Ei θ π  (2) 
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where Eif1 = Ecos(ω1t + φ1). 
Then these two beams interfere with each other on the transmission axis of the polarizer 
(P). The phase of interfered beam Eof1 is related to E1f1 and E2f1, which are the projection of 
Eff1 and Esf1 on the transmission axis as shown in Fig. 1(b). Two projections E1f1 and E2f1 are 
given by 
 ( )
1 1 1 1
1 = cos cos cos cos cos .f fE Ei E tθ γ θ γ ω ϕ= +  (3) 
 ( ) ( )
1 1 1 1
2 = sin sin exp 2 sin sin cos 2 .f fE Ei E tθ γ π θ γ ω ϕ π= + +  (4) 
Setting A1 = Ecosθcosγ, A2 = Esinθsinγ, the interfered beam Eof1 is calculated as 
 
( ) ( )
( )1 1 1
1 1 1 2 1 1
1 1
= cos + cos + 2
= cos + + .
f
f f
Eo A t A t
A t
ω ϕ ω ϕ π
ω ϕ ψ
+ +
       
 (5) 
where 
1
2 2
1 2= +fA A A  and the phase shift is given by 
 ( ) ( )
1
1 1
2 1= tan tan tan tan .f A Aψ θ γ− −= ⋅  (6) 
The derivative of the phase shift is then given by 
 
1 1 2 2 2
1= d d = .
cos tan sinf f
K ψ γ
γ θ γ+
 (7) 
 
Fig. 1. The polarization states of the beam passing through QWP and polarizer. 
The small roll of γ is magnified into a detectable phase shift by Kf1 times. Note that the 
orientation of QWP θ is quite small. It can be seen from Eq. (7) that when γ = 90°, Kf1 is 
maximum. This means that when the transmission axis of the polarizer approaches the slow 
axis of QWP, the phase-shift change of the measuring beam Eof1 caused by the roll angle is 
large. Obviously, high measurement resolution requires large roll-induced phase change, so 
the high-resolution roll is supposed to be measured in this particular region, named the 
sensitive area. It also can be seen from Eq. (7) that the smaller θ is, the higher Kf1 is in the 
sensitive area. That explains why θ was set as a small orientation in the measurement. 
However, it comes at the cost of severe intensity drop [17]. Therefore, the angle of the QWP 
θ cannot be too small. 
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In the same way, the polarization state change of the beam Eif2 is shown in Figs. 1(c) and 
(d). The phase shift of the output beam Eof2 is given by 
 ( )
2
1= tan cot tan .fψ θ γ− ⋅  (8) 
Its derivative is calculated as 
 
2 2 2 2 2
1= d d = .
cos cot sinf f
K ψ γ
γ θ γ+
 (9) 
Two output beams Eof1 and Eof2 eventually generate a beat signal as follows: 
 ( ) ( ) ( )1 21 2 1 2= cos + + .f fEo E tω ω ϕ ϕ ψ ψ − − −   (10) 
The phase shift of the measured signal is composed of the shifts of two parts. However, it 
can be seen from Eqs. (7) and (9) that the change of the phase shift of beam f1 is maximum 
when γ = 90°, while the maximum phase change for beam f2 locates at γ = 0°. The sensitive 
areas of beams f1 and f2 are shifted by 90° so that the sensitive area of the final heterodyne 
signal appears every 90°, and the gain coefficient is the same as that of one single-frequency 
beam. 
A more complicated one-bounce scheme that has higher measurement resolution is 
present in Fig. 2 [18]. The reference beam is unchanged so that it is not shown here. A HWP 
is used as the sensor-plate and the measurement beam passes through the HWP twice. When 
the HWP is rotated by α°, the polarization of the returning beam has a rotation of 4α°. 
Therefore, the phase shift of the heterodyne signal would have a sensitive area every 22.5°. 
The phase difference between the reference and measurement signals is given by 
 ( ) ( )1 11 2 tan tan tan 4 tan cot tan 4 .ψ ψ ψ θ α θ α− − = − = − − −   (11) 
where ψ1 and ψ2 are the phase shifts of beams f1 and f2, respectively. 
 
Fig. 2. Schematic of measurement arm of the previous roll interferometer. 
Figure 3 shows the theoretical unwrapped phase shift versus the roll angle of the HWP. 
The phase shift of the measurement signal in Fig. 3(a) is the phase shift of beam f1 minus that 
of beam f2. The phase shifts of beams f1 and f2 are shown in Fig. 3(b). The region where the 
phase shift change is sharp is the sensitive area. It is clear that the sensitive area of beam f1 
(e.g. Point A) corresponds to the non-sensitive area of beam f2 (e.g. Point B). Similarly, the 
sensitive area of beam f2 (e.g. Point C) corresponds to the non-sensitive area of beam f1 (e.g. 
Point D). As analyzed above, the sensitive areas of two beams appear alternately and have a 
roll distance of 22.5°. This is because the source beams f1 and f2 are mutually perpendicular. 
As a result, the sensitive areas of the composed heterodyne signal show up at the sensitive 
areas of both beam f1 and beam f2, but the gain coefficient of the heterodyne signal is only 
equal to that of one of the beams. Another beam hardly contributes to the gain coefficient 
value. 
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 Fig. 3. Calculated phase shifts versus roll angle for the traditional method. (a) Phase shift of 
the heterodyne signal. (b) Phase shifts of two single-frequency beams. 
2.2 Resolution-enhanced heterodyne roll measurement interferometer 
An improved roll measurement system with an enhanced resolution is shown in Fig. 4. The 
beam from a stabilized single-frequency He-Ne laser is equally split by a beam splitter (BS1) 
into two beams. Then the two beams are directed in two AOMS (AOM1 and AOM2 
respectively) which are driven by two different radio frequency (RF) signals using separate 
RF drivers. Two diffracted beams are modulated into two different frequency shifts, 
respectively. The AOM is commonly used to frequency-shift light by Bragg diffraction. The 
angle of incidence light into the AOM should be set as the Bragg angle so that most intensity 
is distributed to the first diffraction order light. Note that the beams off two AOMs have the 
same polarization state, which is the key part of this construction. 
The two diffraction beams proceed to the quarter-wave plates (QWP1 and QWP2) in the 
respective propagation paths and recombine on BS2. One of the beams exiting BS2 is directly 
received by a polarizer (P1) and a photodetector (PD1) and becomes the reference signal. The 
frequency of the reference signal is f1-f2. The other dual-frequency beam generated by BS2 is 
used as the measurement beam. The measurement beam transmits through the sensor HWP 
and is then reflected back off a folding mirror made by two mirrors forming a right-angle 
dihedral. The beam then passes the HWP again and is collected by another photodetector 
(PD2) preceded by a polarizer (P2). The measurement signal has the same f1-f2 frequency as 
the reference but it is phase shifted in accordance with the roll information. 
 
Fig. 4. Schematic of the improved heterodyne interferometer for the roll angle measurement. 
As shown in Fig. 4, the z axis is along the translation direction and the x axis is set to 
parallel to the polarization state of the input measurement beam. The QWPs are oriented at 
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angles θ1 and θ2, and θ2-θ1 = π/2. The Jones’ matrix calculation enables us to calculate the 
phase shift of measurement single by following the scheme in Fig. 4. 
The Jones’ vectors of the polarization states of the two input beams diffracted by the 
AOMS are written as 
 [ ] [ ]1 1 2 21 2exp ( ) exp ( ), .0 0
E i t E i t
B B
ω ϕ ω ϕ   + +
= =      
  
QWP1 and QWP2, HWP and P are written as 
 
( )
2 2 2 2
1 1 1 1 2 2 2 2
1 22 2 2 2
1 1 1 1 2 2 2 2
cos sin (1 )sin cos cos sin (1 )sin cos
, ,
(1 )sin cos sin cos (1 )sin cos sin cos
cos 2 sin 2
                                                 
si
i i i i
Q Q
i i i i
H
θ θ θ θ θ θ θ θ
θ θ θ θ θ θ θ θ
α α
α
   + − + −
= =   
− + − +   
= [ ], 1 0 .
n 2 cos 2
P
α α
 
= 
− 
  
The measurement light Em is expressed as 
 ( )m 1 1 2 2( ) ( ) + .E PH H Q B Q Bα α= −  (12) 
Substituting the above values into Eq. (12), we can obtain 
 ( ) ( )m 1 1 1 1 2 2 2 2exp + exp + .E E t E tω ϕ ψ ω ϕ ψ= + + +  (13) 
where E1 and E2 are the amplitudes of Beams f1 and f2. ψ1 and ψ2 are the phase shifts of 
Beams f1 and f2. They are given by 
 ( ) ( )2 21 1 1 1 1= cos cos 4 sin sin 4 .E E θ α θ θ α θ− + −        (14) 
 ( ) ( )2 22 2 2 2 2= cos cos 4 sin sin 4 .E E θ α θ θ α θ− + −        (15) 
 ( )11 1tan tan tan 4 .ψ θ α−=     (16) 
 ( )12 2tan tan tan 4 .ψ θ α−=     (17) 
The irradiance of the light produced in PD2 is I = Em2, so the intensity of the measurement 
light is expressed as 
 ( ) ( )2 1 2 1 2 1 2 1 2+ cos + .I E E E tω ω ϕ ϕ ψ ψ= − + − −    (18) 
After decoupling the DC term by a high pass filter, the measurement signal is written as 
 ( ) ( )m 1 2 1 2 1 2A cos + .D tω ω ϕ ϕ ψ ψ= − + − −    (19) 
where A combines factors of AC light power E1E2 and the photodiode efficient. Since the 
phase of the reference is nominally constant, the phase difference between two signals can be 
expressed as 
 
( )
( ) ( ){ }
( )
1 2
1 1
1 2
1
1
tan tan tan 4 tan tan tan 4
2 tan tan tan 4 .
ψ α ψ ψ
θ α θ α
θ α
− −
−
= −
            = − − −      
            = −   
 (20) 
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 Fig. 5. The theoretical unwrapped phase shifts versus roll angle for the proposed method. (a) 
Phase shift of the heterodyne signal. (b) Phase shifts of two single-frequency beams. 
Figure 5 illustrates the phase shift of the measurement signal of the proposed 
configuration when θ1 = 2° and θ2 = 92°. The phase shift of the beat signal, which contains 
those of the two single-frequency beams, is shown in Fig. 5(a). The phase shifts of beams f1 
and f2 caused by the roll angle show opposite shift directions, as seen in Fig. 5(b), and the two 
curves have their sensitive areas at the same roll value. So, the gain coefficient of the 
heterodyne signal is significantly enhanced. The roll-induced phase shift is quasi-linear in a 
small area in the blue dotted diagram in Fig. 5(a). The calculated roll can be derived from 
 = .Gα ψΔ Δ  (21) 
where G is the gain coefficient in the sensitive area. In this way, the small roll error is 
amplified into an observable phase change. A measuring error caused by the fitting error is 
about 0.2 arcsec in a measurement range of 0.1°. Providing that tanΔα ≈kΔα, we can obtain G 
from Eq. (20) as 
 1=8cot .G θ  (22) 
Compared with the traditional method, the gain coefficient is doubled for the improved 
configuration. We can also draw this conclusion by comparing the sensitive areas in Figs. 3(a) 
and 5(a). Consequently, the measurement resolution for roll error is enlarged twofold 
employing a phase-meter with same level resolution. 
3. Experiment and results 
To evaluate the proposed roll measurement interferometric method, an experimental setup 
was built, as shown in Fig. 6. A single-frequency He-Ne laser (05STP910, Melles Griot Co., 
USA) was employed as the source. The laser was then split into two by BS1. Two beams 
were launched into two AOMs (3080-125, Gooch & Housego Co., UK) that were driven by 
two RF drivers (AODS Synth DDS 8 CH, Gooch & Housego Co., UK), respectively. The 
AOM adds a specific frequency shift to each beam which is dependent on the RF drive signal 
into the AOM crystal. The incidence of light into the AOM should be carefully controlled at 
the Bragg Angle to distribute light intensity into the first diffraction order. In this experiment, 
two RF signals were set as 80 MHz and 80.05 MHz, respectively. The orientations of QWP1 
and QWP2 were set as θ1 = 2 and θ2 = 92. The heterodyne frequency detected by the 
reference and measurement photodetectors PD1 and PD2 (PAP36A, Thorlabs Co., USA) was 
50kHz consequently. The phase difference between PD1 and PD2 was read by an FFT phase 
meter (6000A, Clarke-Hess Co., USA). 
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 Fig. 6. Experimental setup for the interferometric roll measurement. 
The experimental result of phase difference versus the roll angle is shown in Fig. 7. In the 
roll range of 90°, reasonable agreement is seen between calculated and experimental results. 
It is pretty clear that the sensitive area of the proposed interferometer is located between 
Points A and B in Fig. 7. 
 
Fig. 7. Experimental results of the improved interferometer and its theoretical curve in the 
range of 90°. 
To calibrate the gain coefficient, a tilt stage resolving 0.01° was utilized to perform the 
specific roll angles, and a commercial interferometer (XL-80, Renishaw Co., UK) was 
utilized to measure the roll at the same time as the benchmark as shown in Fig. 8. The 
movement of the tilt table is a roll motion to our system but a tilt motion to the Renishaw 
calibrator. The HWP was rotated into a middle point between Points A and B in Fig. 7. Then 
the tilt stage was rotated at a step of 0.01° along the roll direction for 3 trials. The variation of 
average phase shifts of 3 tests is quasi-linear within 0.1° as displayed in Fig. 9(a). The 
average and fitted curves are shown in Fig. 9(b). Fitted by the least-square method, the gain 
coefficient of the line turns out to be G = 229. The experimental gain coefficient is the same 
as the theoretical value calculated in Eq. (22) showing that the proposed improved 
interferometer acquires enhanced measurement resolution. The residuals between the roll 
measured by the calculated G and that measured by Renishaw calibrator are also shown in 
Fig. 9(b). The maximum residual is about 8 arcsec with a standard deviation of 4.5 arcsec, 
which may be caused by the drift of the measured phase and the vibration of the HWP. 
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 Fig. 8. Schematic setup of the improved interferometer and the commercial calibrator. 
 
Fig. 9. Experimental result of phase shifts versus roll angle in the sensitive area. (a) 
Experimental results of 3 trials. (b) Average data, fitted line and residual. 
A drift test was conducted by monitoring the interferometer beat frequency and phase 
shift readouts while the sensor plate remained stationary to evaluate the stability of the 
system. Figure 10 (a) shows that the frequency of the heterodyne signal is about 49.955 kHz 
with a standard deviation of 5Hz. It is seen from Fig. 10(b) that the fluctuation of the 
measured phase shift was almost in a limitation of 0.03°. We attribute this to the laser drift, 
air turbulence, instability of the phase meter, and the statistic limits which include the 
quantum noise (shot noise) and the detector noise. Since the severely attenuated intensity of 
the AC signal, the detector noise limits our results over the shot noise [17,23]. An ideal 
measurement resolution about 0.03/G = 0.47 arcsec is expected to be attained considering all 
the above factors. The environmental factor can be reduced by using polarization maintaining 
optical fibers to direct the beams into the interferometer [3]. Thus, the exothermic laser source 
is kept away from the optical structure, which can strengthen the resistance to the fluctuation 
of the refractive index of air. 
Finally, a test for the roll of a tilt stage was carried out. In this test, the tilt stage was 
automatically driven at a step of 0.01°. The data process collected one data point every 0.5 
second from the phase meter. For each roll angle, one set of data (approximately 30 sampling 
points) was recorded. The roll motion was measured by the Renishaw calibrator at the same 
time. Figure 11 displays the test results showing that our system has good performance for the 
roll measurement. The maximum residual is 7.8 arcsec compared with the results of the 
calibrator. At the same time, the average value of one set of measured data for one roll 
position is compared with that of the calibrator results. The maximum average value 
difference is about 2.8 arcsec. 
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 Fig. 10. Stability of the readout of interferometer. (a) Heterodyne frequency stability. (b) Phase 
shift stability. 
 
Fig. 11. Experimental results for roll angle test of the tilt table. 
We have demonstrated the differential interferometer in [22], which employed the 
reference beam as another measurement beam entering the measurement arm to achieve a 
double measurement resolution. To step forward, we could apply this idea in the scheme 
proposed in this manuscript. Thus, determined by the phase difference of two updated 
measurement signals, the measurement resolution is expected to be enhanced by about four 
times. Extended analysis and experimental verification of this next generation interferometer 
are the future work for high-precision roll measurement. 
4. Conclusion 
In summary, we have proposed and verified an improved heterodyne interferometer for the 
roll angle measurement. The measurement system generates two modes with different 
frequencies but the same polarization state by using two AOMs. The sensitive areas of two 
beams appear at the same time so that the phase shift of the beat signal has a dramatically 
enhanced gain coefficient in its sensitive area. Thus, the measurement resolution is enhanced 
twofold in comparison with the traditional interferometer. The experimental setup was 
conducted to verify the performance of the new configuration. An experimental gain 
coefficient of 229 was obtained. Taking the air turbulence, statistic noise and other effects 
into consideration, a theoretical measurement resolution about 0.47 arcsec was confirmed. 
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The feasibility was validated by the roll displacement measurement of a precision tilt stage 
with a measurement accuracy of 7.8 arcsec. 
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